
solution I

1, ( a ) I t ' s easy t o check that I X . Hello) i s normed

space. Let's prove the completeness
.

suppose Hn l i s a Cauchy sequence i n X .
Then for a n y e - o , I N E N , S t

{Y.ph/fnlxi-fmlxi/=Htn-fmllx C IE
, f n ,m >N .

Therefore, for each x t R , Hmmmm i s Cauchy i n R
and thus w e c a n define function

fix): = limnatmixi, x t R

Since N i s independent of x , w e can t a ke m i s o and
consequently, I t f-thx = syy.fr/fnixl-tixs/ c E , t n ? N ,

which implies Hn4 i s normly convergent t o f .
Next, w e prove t a x .

Fix x t R . let 8 0 such that for any ly-x l cd ,
Ifnly) -fmlx)/ c E

Then Him-fix>/ t I f ix , - twixt t Hnly) -fmlx)/ t Huy)-first
⇐ 3 £

Therefore, f i s continuous.
Since HHlo e H t - t h a t Afrika <et-Hul lo s o

w e have T E X .
(b ) Let f i x = Sinden) , u n t N .
fn i s bounded and differentiabl

e o n R . f n t Y .
Let f ix) = hirffix) = s i n1×1 .

Solution 1 1 / 2



H I - H I , = ftp.flfnixi-fixit
= ship, I SindFth)-sink 1

Since gly) = sing i s uniformly continuous,

ForanyE >o , F N EN , t n > N , w e have
sup Isinfxin - sink" < E
X i -R

That i s , Mtn-Hle L E .
However f- A Y, which implies Y i s not closed.
Remark:OWe must prove Hnl normly converges t o f , but#Y,

ɡ We don't require f t X ,

I c ) The norm Hill, and 11-lb a r e not
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